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ARTICLE INFO ABSTRACT
2010 MSC: We study the mixed split feasibility problem in real Hilbert space. In order to find a solution
47HO09 to this problem, we use hybrid and shrinking projection methods to propose two new inertial
2;?(21‘:’) multistep projection-type algorithms. A distinctive feature of our methods is that the inertial
90C25 parameters are only required to be bounded, rather than diminishing or constrained to lie within
fixed intervals such as [-1, 1] or [0, a], as is commonly imposed in many existing inertial schemes.
Keywords: This relaxation makes the selection of inertial factors more flexible and easier to implement while
Hilbert space still ensuring strong convergence. In addition, the other control parameters are selected so that
Hybrid projection algorithm the implementation of our algorithm does not depend on any prior information regarding the

Inertial multistep method
Metric projection

Shrinking projection algorithm
Split feasibility problem

norms of the transfer operators.

1. Introduction

Reich et al. [1] have recently considered the following mixed split feasibility problem (MSFP, for short). Assume that

(A1) H, H; and H are real Hilbert spaces, where i = 1,2,3,..., N; C and Q; are nonempty, closed and convex subsets of H and H;,
respectively.

(A2) P, : H—> H; and £; : H; » H are bounded linear operators.

(A3) yis a given element in H.

(A4) Q=nY (xeC:PxeQ}in{xeC: TV L,Px)=y}+0

Given these data, the MSFP is to find an element p, € Q.

Remark 1.1. (@ If £, =0foralli=1,2,...,N and y = 0, then the MSFP becomes the split feasibility problem with multiple output
sets (SFP-MOS, for short), which has been studied in [2,3] (see Section 4 for more details). In particular, when N = 1, the SFP-MOS
reduces exactly to the classical split feasibility problem (SFP, for short), first introduced by Censor et al. in [4].
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$P_C^{{\mathbb {H}}}(x) \in C$


\begin {equation}\label {H21} \Vert x-P_C^{{\mathbb {H}}}(x)\Vert _{{\mathbb {H}}}=\inf _{z\in C}\Vert x-z\Vert _{{\mathbb {H}}}.\end {equation}
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\begin {equation*}\Vert x-P_C^{{\mathbb {H}}}(x)\Vert ^2_{{\mathbb {H}}}+\Vert y-P_C^{{\mathbb {H}}}(x)\Vert ^2_{{\mathbb {H}}}\leq \Vert x-y\Vert ^2_{{\mathbb {H}}}\end {equation*}


$x\in {\mathbb {H}}$


$y\in C$


\begin {equation*}\langle x-y,(I^{{\mathbb {H}}}- P_C^{{\mathbb {H}}})(x)-(I^{{\mathbb {H}}}- P_C^{{\mathbb {H}}})(y)\rangle _{{\mathbb {H}}}\ge \Vert (I^{{\mathbb {H}}}- P_C^{{\mathbb {H}}})(x)-(I^{{\mathbb {H}}}- P_C^{{\mathbb {H}}})(y)\Vert _{{\mathbb {H}}}^2\end {equation*}
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$x-\mathcal {T}(x) = y$


$x \in \mathbb {H}$


$f : \mathbb {H} \to \mathbb {R}$


\begin {align*}f(x) = \frac { \| (I^{\mathbb {H}} - P_{C}^{\mathbb {H}})(x) \|_{\mathbb {H}}^{2} + \sum _{i=1}^{N} \| (I^{\mathbb {H}_i} - P_{Q_i}^{\mathbb {H}_i})(\mathcal {P}_i x) \|_{\mathbb {H}_i}^{2} + \big \| \sum _{i=1}^{N} \mathcal {L}_i(\mathcal {P}_i x) - y {\big \|}_{\mathcal {H}}^{2} }{2}.\end {align*}


$f$


$\mathbb {H}$


\begin {align*}F(x) = (I^{\mathbb {H}} - P_{C}^{\mathbb {H}})(x) + \sum _{i=1}^{N} \mathcal {P}_i^{*}(I^{\mathbb {H}_i} - P_{Q_i}^{\mathbb {H}_i})(\mathcal {P}_i x) + \sum _{i=1}^{N} \mathcal {P}_i^{*} \mathcal {L}_i^{*} \Big ( \sum _{i=1}^{N} \mathcal {L}_i(\mathcal {P}_i x) - y \Big ),\end {align*}
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$\mathcal {P}_i$


$\mathcal {L}_i$


\begin {equation*}\min _{x \in \mathbb {H}} f(x).\end {equation*}


$x_{*}$


$F(x_{*}) = 0$


\begin {equation*}x_{*} = x_{*} - \lambda F(x_{*}),\end {equation*}
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$\alpha _n\in [\underline {\alpha },\overline {\alpha }]\subset (0,2)$


$n\ge 0$


$\{a_n\}$


$a_*=P^{\mathbb {H}}_{\Omega }(a_0)$


$\Omega \subset U_n\cap V_n$


$n\ge 0$


$U_n$


$V_n$


\begin {align*}U_n&=\{z\in {\mathbb {H}}: \langle b_n-c_n, z\rangle _{{\mathbb {H}}} \le \dfrac {1}{2}(\Vert b_n\Vert ^2_{{\mathbb {H}}}-\Vert c_n\Vert ^2_{{\mathbb {H}}})\}, \\ V_n&=\{z\in {\mathbb {H}}: \langle a_0-a_n, z\rangle _{{\mathbb {H}}} \le \langle a_0-a_n, a_n\rangle _{{\mathbb {H}}}\}.\end {align*}


$\mathbb {H}$


$n\ge 0$


$x\in \Omega $


$x\in C$


\begin {equation*}\mathcal {P}_i(x)\in Q_i \; \quad \forall i=1,2,3,\ldots ,N,\quad \quad \sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ix)=y.\end {equation*}


\begin {align}\label {S37} \Vert c_n-x\Vert _{{\mathbb {H}}}^2&=\Vert b_n-x-\lambda _n F(b_n)\Vert _{{\mathbb {H}}}^2\nonumber \\&=\Vert b_n-x\Vert _{{\mathbb {H}}}^2-2\lambda _n \langle F(b_n),b_n-x\rangle _{{\mathbb {H}}}+\lambda _n^2\Vert F(b_n)\Vert _{{\mathbb {H}}}^2.\end {align}


\begin {align}\label {S38} \langle F(b_n),b_n-x\rangle _{{\mathbb {H}}} &=\langle (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n),b_n-x\rangle _{{\mathbb {H}}}\nonumber \\&\,\,\,\,\,\,+\sum _{i=1}^N \langle \mathcal {P}_i^*(I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n),b_n-x\rangle _{{\mathbb {H}}}\nonumber \\&\,\,\,\,\,\,+\sum _{i=1}^N\langle \mathcal {P}_i^*\mathcal {L}_i^*(\sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y),b_n-x\rangle _{{\mathbb {H}}}\nonumber \\&=\langle (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n),b_n-x\rangle _{{\mathbb {H}}}\nonumber \\&\,\,\,\,\,\,+\sum _{i=1}^N \langle (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n),\mathcal {P}_ib_n-\mathcal {P}_ix\rangle _{{\mathbb {H}}_i}\nonumber \\&\,\,\,\,\,\,+\langle \sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y,\sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-\sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ix)\rangle _{\mathcal {H}}\nonumber \\&=\langle (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n)-(I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(x),b_n-x\rangle _{{\mathbb {H}}}\nonumber \\&\,\,\,\,\,\,+\sum _{i=1}^N \langle (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n)-(I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ix),\mathcal {P}_ib_n-\mathcal {P}_ix\rangle _{{\mathbb {H}}_i}\nonumber \\&\,\,\,\,\,\,+\Vert \sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y\Vert _{\mathcal {H}}^2.\end {align}


\begin {align}\label {S39} \langle F(b_n),b_n-x\rangle _{{\mathbb {H}}} &\ge \Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n)-(I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(x)\Vert _{{\mathbb {H}}}^2\nonumber \\&\,\,\,\,\,\,+\sum _{i=1}^N \Vert (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n)-(I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ix)\Vert _{{\mathbb {H}}_i}^2\nonumber \\&\,\,\,\,\,\,+\Vert \sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y\Vert _{\mathcal {H}}^2\nonumber \\&=\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n)\Vert _{{\mathbb {H}}}^2 +\sum _{i=1}^N \Vert (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n)\Vert _{{\mathbb {H}}_i}^2\nonumber \\&\,\,\,\,\,\,+\Vert \sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y\Vert _{\mathcal {H}}^2\nonumber \\&=A_n.\end {align}


\begin {align}\label {S310} B_n=\Vert F(b_n)\Vert _{{\mathbb {H}}}^2.\end {align}


\begin {align}\label {S311} \Vert c_n-x\Vert _{{\mathbb {H}}}^2&\le \Vert b_n-x\Vert _{{\mathbb {H}}}^2-2\lambda _nA_n+\lambda _n^2B_n.\end {align}


\begin {align}\label {S312BS} \Vert c_n-x\Vert _{{\mathbb {H}}}^2 \le \begin {cases} \Vert b_n-x\Vert _{{\mathbb {H}}}^2,&\text {if}\,\,\lambda _n=0,\\ \Vert b_n-x\Vert _{{\mathbb {H}}}^2-\alpha _n(2-\alpha _n) \dfrac {A_n^2}{B_n},&\text {if}\,\,\lambda _n=\alpha _n\dfrac {A_n}{B_n}. \end {cases}\end {align}


$0<\underline {\alpha }\le \alpha _n\le \overline {\alpha }<2$


\begin {align}\label {S312} \Vert c_n-x\Vert _{{\mathbb {H}}}^2&\le \Vert b_n-x\Vert _{{\mathbb {H}}}^2 \; \quad \forall n \ge 0.\end {align}
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\begin {align*}\langle a_0-a_{n+1}, z-a_{n+1}\rangle _{{\mathbb {H}}} \le 0 \; \quad \forall z\in U_n\cap V_n.\end {align*}
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\begin {align}\label {S313} \Vert a_n-a_0\Vert _{{\mathbb {H}}}\le \Vert a_*-a_0\Vert _{{\mathbb {H}}} \; \quad \forall n \geq 0,\end {align}
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\begin {align}&\lim _{n\to \infty }\Vert a_{n+1}-a_n\Vert _{{\mathbb {H}}}=0,\label {S314}\\ &\lim _{n\to \infty }\Vert a_{n+1}-b_n\Vert _{{\mathbb {H}}}=0,\label {S315}\\ &\lim _{n\to \infty }\Vert b_n-c_n\Vert _{{\mathbb {H}}}=0.\label {S316}\end {align}
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\begin {align}\label {S317} \Vert a_{n+1}-a_n\Vert _{{\mathbb {H}}}^2\le \Vert a_{n+1}-a_0\Vert _{{\mathbb {H}}}^2-\Vert a_n-a_0\Vert _{{\mathbb {H}}}^2,\end {align}
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\begin {equation*}\lim _{n\to \infty }\Vert a_n-a_0\Vert _{{\mathbb {H}}}.\end {equation*}


\begin {align*}\Vert a_{n+1}-b_n\Vert _{{\mathbb {H}}}&=\Vert a_{n+1}-(a_n+\sum _{j=1}^k \theta _n^j(a_{n-k+j}-a_{n-k+j-1}))\Vert _{{\mathbb {H}}} \\&=\Vert (a_{n+1}-a_n)-\sum _{j=1}^k \theta _n^j(a_{n-k+j}-a_{n-k+j-1})\Vert _{{\mathbb {H}}} \\&\le \Vert (a_{n+1}-a_n)\Vert _{{\mathbb {H}}}+\sum _{j=1}^k \vert \theta _n^j\vert \Vert a_{n-k+j}-a_{n-k+j-1}\Vert _{{\mathbb {H}}}.\end {align*}
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\begin {equation*}\Vert a_{n+1}-c_n\Vert _{{\mathbb {H}}}\le \Vert a_{n+1}-b_n\Vert _{{\mathbb {H}}}.\end {equation*}
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\begin {equation*}\Vert b_n-c_n\Vert _{{\mathbb {H}}}\le \Vert a_{n+1}-b_n\Vert _{{\mathbb {H}}}+\Vert a_{n+1}-c_n\Vert _{{\mathbb {H}}},\end {equation*}
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$a_*\in \Omega $


$\lambda _n=0$


\begin {equation*}B_n=\Vert F(b_n)\Vert _{{\mathbb {H}}}^2=0.\end {equation*}


$F(b_n)=0$


$A_n=0$


$\lambda _n=\alpha _n\dfrac {A_n}{B_n}$


$x \in \Omega $


\begin {align*}\alpha _n(2-\alpha _n) \dfrac {A_n^2}{B_n}&\le \Vert b_n-x\Vert _{{\mathbb {H}}}^2-\Vert c_n-x\Vert _{{\mathbb {H}}}^2 \\&\le M_1(\Vert b_n-x\Vert _{{\mathbb {H}}}-\Vert c_n-x\Vert _{{\mathbb {H}}}) \\&\le M_1(\Vert b_n-c_n\Vert _{{\mathbb {H}}}),\end {align*}


$M_1=\sup _{n}\{\Vert b_n-x\Vert _{{\mathbb {H}}}+\Vert c_n-x\Vert _{{\mathbb {H}}}\}$


$0<\underline {\alpha }\le \alpha _n\le \overline {\alpha }<2$


$\Vert b_n-c_n\Vert _{{\mathbb {H}}}\to 0$


\begin {align}\label {S319} \dfrac {A_n^2}{B_n}\to 0.\end {align}


\begin {equation}\label {S320} \begin {aligned} B_n&=\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n)+ \sum _{i=1}^N \mathcal {P}_i^*(I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n)+\sum _{i=1}^N \mathcal {P}_i^*\mathcal {L}_i^*(\sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y)\Vert ^2_{{\mathbb {H}}} \\ &\le \left (\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n)\Vert _{{\mathbb {H}}}+ \Vert \sum _{i=1}^N \mathcal {P}_i^*(I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n)\Vert _{{\mathbb {H}}} \right .\\ &\left .\qquad \qquad \qquad \qquad \qquad +\Vert \sum _{i=1}^N \mathcal {P}_i^*\mathcal {L}_i^*(\sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y)\Vert _{{\mathbb {H}}}\right )^2\\ &\le 3\Bigg (\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n)\Vert _{{\mathbb {H}}}^2+ \Vert \sum _{i=1}^N \mathcal {P}_i^*(I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n)\Vert _{{\mathbb {H}}}^2\\ &\qquad \qquad \qquad \qquad \qquad \,\,\,+\Vert \sum _{i=1}^N \mathcal {P}_i^*\mathcal {L}_i^*(\sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y)\Vert ^2_{{\mathbb {H}}}\Bigg )\\ &\le 3\Bigg (\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n)\Vert _{{\mathbb {H}}}^2 + \left (\sum _{i=1}^N \Vert \mathcal {P}_i^*\Vert \Vert (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n)\Vert _{{\mathbb {H}}_i}\right )^2\\ &\qquad \qquad \qquad \qquad \qquad \,\,\,+\left ( \sum _{i=1}^N \Vert \mathcal {P}_i^*\mathcal {L}_i^*\Vert \left \Vert \sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y\right \Vert _\mathcal {H}\right )^2\Bigg )\\ &\le 3\max \left \{1, N\max _{1\le i\le N}\Vert \mathcal {P}_i\Vert ^2, N^2\max _{1\le i\le N}\Vert \mathcal {L}_i\mathcal {P}_i\Vert ^2\right \} A_n=M_2 A_n, \end {aligned}\end {equation}


$M_2=3\max \left \{1, N\max _{1\le i\le N}\Vert \mathcal {P}_i\Vert ^2, N^2\max _{1\le i\le N}\Vert \mathcal {L}_i\mathcal {P}_i\Vert ^2\right \}>0$


$A_n \to 0$


$A_n\to 0$


\begin {align}\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(b_n)\Vert _{{\mathbb {H}}}&\to 0, \label {S321}\\ \Vert (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ib_n)\Vert ^2_{{\mathbb {H}}_i}&\to 0 \; \quad \forall i=1,2,3,\ldots ,N, \label {S322} \\\Vert \sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ib_n)-y\Vert ^2_{\mathcal {H}}&\to 0.\label {S323}\end {align}
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$x_*\in {\mathbb {H}}$


\begin {equation*}a_{n_k}\rightharpoonup x_*.\end {equation*}
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$\Vert a_n-b_n\Vert \to 0$


\begin {equation*}b_{n_k}\rightharpoonup x_*.\end {equation*}


$x_*\in C$


$\mathcal {P}_i$


$\mathcal {L}_i$


\begin {equation*}\mathcal {P}_ib_{n_k}\rightharpoonup \mathcal {P}_ix_*, \quad \mathcal {L}_i(\mathcal {P}_ib_{n_k})\rightharpoonup \mathcal {L}_i(\mathcal {P}_ix_*)\end {equation*}


$i=1,2,\ldots ,N$


$\mathcal {P}_ix_*\in Q_i$


$i=1,2,\ldots ,N$


$\sum _{i=1}^N \mathcal {L}_i(\mathcal {P}_ix_*)=y$


$x_*\in \Omega $


$a_*=P^{{\mathbb {H}}}_\Omega (a_0)$


$x_* \in \Omega $


\begin {align*}\Vert a_*-a_0 \Vert _{{\mathbb {H}}} &\leq \Vert x_*-a_0 \Vert _{{\mathbb {H}}} \le \liminf _{k\to \infty }\Vert a_{n_k}-a_0\Vert _{{\mathbb {H}}} \\ &\le \limsup _{k\to \infty }\Vert a_{n_k}-a_0\Vert _{{\mathbb {H}}} \le \Vert a_*-a_0 \Vert _{{\mathbb {H}}}.\end {align*}


$a_*$


$a_* = x_*$


\begin {equation*}\Vert a_{n_k}-a_0\Vert _{{\mathbb {H}}} \to \Vert a_*-a_0\Vert _{{\mathbb {H}}}.\end {equation*}


$a_{n_k}\to a_*$


$a_*$


$a_n \to a_*$


$n\to \infty $


$j=1,2,\ldots ,k$


$\{\theta _n^j\}$


$\alpha _n\in [\underline {\alpha },\overline {\alpha }]\subset (0,2)$


$n\ge 0$
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$a_*=P_\Omega ^{{\mathbb {H}}}(a_0)$


$\Omega \subset W_n$


$n\ge 0$
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$n\geq 0$


$\Omega \subset W_n$


$n\geq 0$


$\{a_n\}$


$\{a_n\}$


$x_*\in {\mathbb {H}}$


$x\in \Omega \subset W_n$


$a_{n+1}=P^{{\mathbb {H}}}_{W_n}(a_0)$


\begin {align}\label {S324} \Vert a_{n+1}-a_0\Vert _{{\mathbb {H}}}\leq \Vert x-a_0\Vert _{{\mathbb {H}}},\end {align}


$\{a_n\}$


$m\geq n\ge 1$


$a_m\in W_{m-1}\subset W_{n-1}$


$a_n=P^{{\mathbb {H}}}_{W_{n-1}}(a_0)$


\begin {equation}\label {S325} \Vert a_m-a_n\Vert ^2_{{\mathbb {H}}}\le \Vert a_m-a_0\Vert ^2_{{\mathbb {H}}}-\Vert a_n-a_0\Vert ^2_{{\mathbb {H}}}\to 0\end {equation}


$n,m \to \infty $


$\{a_n\}$


$\{a_n\}$


$x_*\in {\mathbb {H}}$


\begin {align}&\lim _{n\to \infty }\Vert a_{n+1}-a_n\Vert _{{\mathbb {H}}}=0,\label {S326}\\ &\lim _{n\to \infty }\Vert a_{n+1}-b_n\Vert _{{\mathbb {H}}}=0,\label {S327}\\ &\lim _{n\to \infty }\Vert b_n-c_n\Vert _{{\mathbb {H}}}=0,\label {S328}\\ &\lim _{n\to \infty }\Vert a_n-b_n\Vert _{{\mathbb {H}}}=0.\label {S329}\end {align}


$a_{n+1} \in W_n$


$\{a_n\}$


$a_*=P_\Omega ^{{\mathbb {H}}}(a_0)$


$a_n\to x_*$


$b_n\to x_*$


$x_*\in \Omega $


$n\to \infty $


$\Vert x_*-a_0\Vert _{{\mathbb {H}}} \leq \Vert a_*-a_0\Vert _{{\mathbb {H}}}.$


$x_*=a_*.$


$P_{U_n \cap V_n}^{\mathbb {H}}(a_0)$


$P_{W_n}^{\mathbb {H}}(a_0)$


$\mathbb {H}$


$\mathbb {H}_i$


$(i=1,2,3,\ldots ,N)$


$\mathcal {H}$


$C\subset \mathbb {H}$


$Q_i\subset \mathbb {H}_i$


$i=1,2,3,\ldots ,N$


$\mathcal {P}_i:\mathbb {H}\to \mathbb {H}_i$


$\mathcal {L}_i:\mathbb {H}_i\to \mathcal {H}$


\begin {align*}\text {Find an element}\,\,x^\dagger \in C\,\,\text {such that}\,\,\mathcal {P}_i(x^\dagger )\in Q_i \; \, \, \forall i=1,2,3,\ldots , N.\end {align*}


$\widehat {\Omega }$


$\widehat {\Omega }\ne \emptyset $


$\mathcal {L}_i\equiv 0$


$i=1,2,3,\ldots , N$


$y=0$


$x\in {\mathbb {H}}$


\begin {equation*}\widehat {F}(x):=(I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(x) +\sum _{i=1}^N \mathcal {P}_i^*(I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ix).\end {equation*}


$j=1,2,\ldots ,k$


$\{\theta _n^j\}$


$\alpha _n\in [\underline {\alpha },\overline {\alpha }]\subset (0,2)$


$n\ge 0$


$\{a_n\}$


$a_*=P_{\widehat {\Omega }}^{{\mathbb {H}}}(a_0)$


$j=1,2,\ldots ,k$


$\{\theta _n^j\}$


$\alpha _n\in [\underline {\alpha },\overline {\alpha }]\subset (0,2)$


$n\ge 0$


$\{a_n\}$


$a_*=P_{\widehat {\Omega }}^{{\mathbb {H}}}(a_0)$


${\mathbb {H}}={\mathbb {H}}_1\times {\mathbb {H}}_2\times \ldots \times {\mathbb {H}}_N$


$C=Q_1\times Q_2\times \ldots \times Q_N$


$\mathcal {P}_i: {\mathbb {H}}\to {\mathbb {H}}_i$


\begin {align}\label {S43} \mathcal {P}_i(x^{(1)},\ldots ,x^{(i)},\ldots ,x^{(N)})=x^{(i)}\end {align}


$x=(x^{(1)},\ldots ,x^{(i)},\ldots ,x^{(N)})\in {\mathbb {H}}$


\begin {align}\label {MSEP} \text {Find an element}\,\,x\in C\,\,\text {such that}\,\, \sum _{i=1}^N \mathcal {L}_i(x^{(i)})=y.\end {align}


$\tilde {\Omega }$


$\tilde {\Omega }\ne \emptyset $


$N=2$


$y=0$


\begin {align}\label {SEP} \text {Find an element}\,\,(u,v)\in Q_1\times Q_2\,\,\text {such that}\,\, A(u)=B(v),\end {align}


$A=\mathcal {L}_1$


$B=-\mathcal {L}_2$


\begin {equation*}P_C^{{\mathbb {H}}}(x)=(P_{Q_1}^{{\mathbb {H}}}(x^{(1)}), P_{Q_2}^{{\mathbb {H}}}(x^{(2)}),\ldots , P_{Q_N}^{{\mathbb {H}}}(x^{(N)}))\end {equation*}


$x=(x^{(1)},x^{(2)},\ldots ,x^{(N)})\in {\mathbb {H}}$


$x=(x^{(1)},\ldots ,x^{(i)},\ldots ,x^{(N)})\in {\mathbb {H}}$


\begin {align*}F_1(x)&=(x^{(1)}-P_{Q_1}^{{\mathbb {H}}}(x^{(1)}),\ldots , x^{(i)}- P_{Q_i}^{{\mathbb {H}}}(x^{(i)}),\ldots , x^{(N)}-P_{Q_N}^{{\mathbb {H}}}(x^{(N)})),\\ F_2(x)&=(\mathcal {L}_1^*(\sum _{i=1}^N \mathcal {L}_i(x^{(i)})-y),\ldots , \mathcal {L}_i^*(\sum _{i=1}^N \mathcal {L}_i(x^{(i)})-y),\ldots , \mathcal {L}_N^*(\sum _{i=1}^N \mathcal {L}_i(x^{(i)})-y)),\\ \tilde {F}(x)&=2F_1(x)+F_2(x).\end {align*}


$\mathbb {H}$


$C$


$\mathcal {P}_i$


$(i=1,2,3,\ldots ,N)$


$j=1,2,\ldots ,k$


$\{\theta _n^j\}$


$\alpha _n\in [\underline {\alpha },\overline {\alpha }]\subset (0,2)$


$n\ge 0$


$\{a_n\}$


$a_*=P_{\tilde {\Omega }}^{{\mathbb {H}}}(a_0)$


$\mathbb {H}$


$C$


$\mathcal {P}_i$


$(i=1,2,3,\ldots ,N)$


$j=1,2,\ldots ,k$


$\{\theta _n^j\}$


$\alpha _n\in [\underline {\alpha },\overline {\alpha }]\subset (0,2)$


$n\ge 0$


$\{a_n\}$


$a_*=P_{\tilde {\Omega }}^{{\mathbb {H}}}(a_0)$


${\mathbb {H}}={\mathbb {R}}^m$


${\mathbb {H}}_i={\mathbb {R}}^{m_i}$


$\mathcal {H}={\mathbb {R}}^n$


$i=1,2,3$


$C$


$Q_i$


\begin {align*}C&=\{x\in {\mathbb {H}}:\langle a, x\rangle \le b\},\\ Q_i&=\{x\in {\mathbb {H}}_i:\Vert x-a_i\Vert \le r_i\},\end {align*}


$b$


$r_i$


$[0,10]$


$[m_i,m_i+1]$


$a$


$a_i$


$[1, 5]$


$[-1, 1]$


$\mathcal {P}_i: {\mathbb {R}}^m\to {\mathbb {R}}^{m_i}$


$\mathcal {L}_i: {\mathbb {R}}^{m_i}\to {\mathbb {R}}^n$


$[-5, 5]$


$i=1,2,3$


$y=0$


$\Omega \ne \emptyset $


$0\in \Omega $


\begin {equation*}k=3,\quad m=5,\quad m_1=25,\quad m_2=45,\quad m_3=65,\quad n=85,\end {equation*}


$a_{-3}, a_{-2}$


$a_{-1}$


$a_0$


$[-5, 5]$


$\alpha _n=1.925$


$n\ge 0$


$\bullet $


$x_0=a_0$


$\bullet $


$x_0=a_0$


$h(x)=0.9x$


$x\in {\mathbb {R}}^m$


\begin {equation*}\text {err}=\dfrac {\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(a_n)\Vert ^2_{{\mathbb {H}}} +\sum _{i=1}^3\Vert (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ia_n)\Vert ^2_{{\mathbb {H}}_i} +\Vert \sum _{i=1}^3 \mathcal {L}_i(\mathcal {P}_ia_n)-y\Vert ^2_{\mathcal {H}}}{5}\end {equation*}


$i\in \{1,2,3\}$


${\mathbb {H}}={\mathbb {H}}_i=L^2[0,1]$


\begin {equation*}\langle x,y \rangle =\int _0^1 x(t)y(t)dt\end {equation*}


$\Vert x\Vert ^2=\langle x,x\rangle $


$x=x(t), y=y(t)\in L^2[0,1]$


$C$


$Q_i$


\begin {align*}C&=\{x\in L^2[0,1]:\langle \mathfrak {a}, x\rangle \le \zeta \},\\ Q_i&=\{x\in L^2[0,1]:\langle \mathfrak {a}_i, x\rangle \le \zeta _i\},\end {align*}


\begin {align*}&\mathfrak {a}=\mathfrak {a}(t)=t,\quad \mathfrak {a}_i=\mathfrak {a}_i(t)=\sqrt {t^2+i},\quad \forall t\in [0,1],\\ &\zeta =\dfrac {1}{3},\quad \zeta _i=\dfrac {(i+1)\sqrt {i+1}-i\sqrt {i}}{3(i+1)}.\end {align*}


$i\in \{1,2,3\}$


$\mathcal {P}_i: L^2[0,1]\to L^2[0,1]$


$\mathcal {P}_i(x)(t)=\dfrac {x(t)}{i+1}$


$t\in [0,1]$


$\widehat {\Omega }\ne \emptyset $


$x(t) = t \in \widehat {\Omega }$


$k=3$


\begin {align*}&a_{-3}=a_{-3}(t)=\sqrt {t},\quad a_{-2}=a_{-2}(t)=e^{t},\\& a_{-1}=a_{-1}(t)=\sin t, \quad a_{0}=a_{0}(t)=\cos t,\quad \forall t\in [0,1],\\ &\theta _n^1=0.0003, \quad \theta _n^2=0.002, \quad \theta _n^3=-0.01, \quad \alpha _n=1.75,\quad \forall n\in {\mathbb {N}}.\end {align*}


\begin {equation*}\text {err}=\dfrac {\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(a_n)\Vert ^2_{{\mathbb {H}}} +\sum _{i=1}^3\Vert (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ia_n)\Vert ^2_{{\mathbb {H}}_i}}{4}\end {equation*}


$\bullet $


\begin {equation*}\tau =\dfrac {0.01}{1+\sum _{i=1}^3\Vert \mathcal {P}_i\Vert ^2}.\end {equation*}


$\bullet $


\begin {equation*}\tau =\dfrac {0.01}{1+\sum _{i=1}^3\Vert \mathcal {P}_i\Vert ^2},\quad \alpha _n=\dfrac {1}{n}.\end {equation*}


$\bullet $


\begin {equation*}\gamma _n=\dfrac {0.005}{3\times \max _{1\le i\le 3}\{\Vert \mathcal {P}_i\Vert ^2\}}.\end {equation*}


$\bullet $


\begin {equation*}\gamma _n=\dfrac {0.005}{3\times \max _{1\le i\le 3}\{\Vert \mathcal {P}_i\Vert ^2\}},\quad \alpha _n=\dfrac {1}{n}.\end {equation*}


$u=\ln (t+1)$


$t\in [0,1]$


$f(x)=0.75x$


$x\in L^2[0,1]$


\begin {equation*}\text {err}=\dfrac {\Vert (I^{{\mathbb {H}}}-P_{C}^{{\mathbb {H}}})(x_n)\Vert ^2_{{\mathbb {H}}} +\sum _{i=1}^3\Vert (I^{{\mathbb {H}}_i}-P_{Q_i}^{{\mathbb {H}}_i})(\mathcal {P}_ix_n)\Vert ^2_{{\mathbb {H}}_i}}{4}<\text {\rm TOL}\end {equation*}


$N = 30$


\begin {align*}\min \biggl \{\frac {1}{2}\|\mathbb {A}_i x - b_i\|^2 : x\in \mathbb {R}^k,\;\|x\|_1 \le p \biggr \}, \qquad i=1,2,\ldots ,30,\end {align*}


$\mathbb {A}_i \in \mathbb {R}^{m\times k}$


$b_i \in \mathbb {R}^m$


$\|\cdot \|$


$\|\cdot \|_1$


$\ell _1$


$i\in \{1,2,\ldots ,30\}$


$\mathbb {A}_i$


$a_{\text {true}}\in \mathbb {R}^k$


$[-1,1]$


$p$


\begin {equation*}b_i^* = \mathbb {A}_i a_{\text {true}}, \qquad i=1,2,\ldots ,30.\end {equation*}


\begin {equation*}\text {Find } x^\dagger \in C \;\; \text {such that}\;\; \mathcal {P}_i(x^\dagger )\in Q_i,\quad i=1,2,\ldots ,30,\end {equation*}


\begin {equation*}\mathcal {P}_i(x) := \mathbb {A}_i x, \qquad Q_i := \{b_i^*\}\subset \mathbb {R}^m,\end {equation*}


\begin {equation*}C := \{\, x\in \mathbb {R}^k : \|x\|_1 \le p \,\}.\end {equation*}


$P_C^{\mathbb {R}^k}$


\begin {equation*}\theta _n^1=\dfrac {1}{n+1},\quad \theta _n^2=\dfrac {1}{(n+1)^3},\quad \theta _n^3=\dfrac {1}{(n+1)^5},\quad \alpha _n=1.9999-\dfrac {1}{n+2},\quad \forall n\ge 0,\end {equation*}


\begin {equation*}k=1024,\quad m=2048,\quad p=256.\end {equation*}


$a_{-3}$


$a_{-2}$


$a_{-1}$


$\mathbb {R}^k$


$a_0 = 0$


$\bullet $


\begin {equation*}x_0 = a_0,\quad \rho _n=\alpha _n.\end {equation*}


$\bullet $


\begin {equation*}x_0 = a_0,\quad \rho _n=\alpha _n,\end {equation*}


$h(x)=0.75x$


$x\in \mathbb {R}^k$


\begin {equation*}\text {MSE}=\dfrac {1}{k}\|a_n - a_{\text {true}}\|^2,\end {equation*}


\begin {equation*}\text {SNR}=20\log \dfrac {\|a_{\text {true}}\|}{\|a_{\text {true}} - a_n\|}.\end {equation*}


$\text {TOL}=10^{-5}$


$\text {TOL}=10^{-5}$


$[-1,1]$


$[0,a]$


$a$
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Note that this generalization is practically meaningful, since in many real world applications, such as signal recovery, image
reconstruction, and other inverse problems, one typically works with multiple sensing operators or observation channels rather than
a single one. Consequently, the SFP-MOS provides a more realistic modeling framework than the classical SFP, which justifies the
need to develop algorithms specifically tailored to its multi-operator structure.

In addition, there are practical problems that can be modeled within the MSFP framework. For instance, in a multi-stage semi-
product manufacturing process, an initial input passes through several processing stages, each governed by its own operational
constraints, and the final output must satisfy an aggregate system-wide requirement, such as an overall quality metric or a resource
balance constraint.

(b) In the case where N =2, i € {1,2}, H=H,; xH, and C = Q, X Q,, for each x = (x(),x®) € H, we define the operators P; :
H — H; as follows: P;x := P;(x(V, x®) = x. If we now take y = 0 and £, = —L,, then the MSFP reduces to the split equality problem
(SEP, for short) which is considered in [5,6] (see Section 4 for more details).

Both the SFP-MOS and the SEP have drawn a lot of interest from mathematicians around the world mainly due to their applica-
tions in intensity-modulated radiation therapy [4,7,8], signal processing and image reconstruction [9], game theory, decomposition
methods for PDE, decision sciences, and inertial Nash equilibria [10,11]. Furthermore, the MSFP is a general problem which includes
both the SFP-MOS and the SEP. Therefore, studying iterative methods and algorithms for solving the MSFP is an important research
topic. Moreover, such methods and algorithms can be applied to solving some other split problems.

To find a solution to the MSFP, Reich et al. [1] introduced two new algorithms which are based on the unconstrained optimization
approach. Weak and strong convergence results for the sequences generated by the proposed algorithms were also established under
some appropriate conditions involving the control parameters.

In recent years, inertial-type algorithms have attracted much interest, mainly because of their good convergence properties. Such
algorithms were initially introduced by Polyak [12], who proposed an inertial scheme in order to improve the convergence speed of
the previously known one-step methods for solving evolution equations involving potential operators. A common characteristic of
these algorithms is that the next iteration, which depends on the previous two iterations, often has the following form:

b,=a,+0,(a,-a,_) Vn2x>1,

where a,_; and g, are given previously, while the inertial factors {6,} constitute a real number sequence. The idea of using (more
than) two-step inertial extrapolation was also suggested by Polyak [13] in order to accelerate the convergence. However, both the
convergence and the convergence rate were not provided. Very recently, several authors have replaced one-step inertial extrapolation
with two-step inertial extrapolation (see, for example, Iyiola and Shehu[14], Jolaoso et al. [15]), which has the following form:

bn =a,+ en(an - an—]) + 5n(an—l - an—Z) Vn 21,

where a,_,, a,_; and g, are given previously, while the inertial factors {6, } and {5, } constitute real number sequences. They pointed
out that two-step inertial extrapolation could be more beneficial numerically and could accelerate convergence when compared with
one-step inertial extrapolation. Note also that inertial-type algorithms have been studied and applied to solving many other problems
(see, for instance, Iyiola and Shehu[14], Jolaoso et al.[15], Alvarez[16], Attouch and Cabot[17,18,19], Attouch and Laszl6 [20],
Attouch and Peypouquet [21], Dong et al. [22], Ha et al. [23], Hao and Zhao [24], Sahu et al. [25], Shehu et al. [26], Thong et al. [27],
Wang and Yu [28]). These seemingly minor changes turn out to dramatically improve the performance of existing algorithms. Some
recent studies in [29-33] have used multistep inertial extrapolation in order to solve monotone inclusion, minimization, fixed point,
and split feasibility problems. Furthermore, observe that in many existing methods the inertial factors are often required not only to
be diminishing but also to lie within fixed intervals such as [-1, 1] or [0, a] for some positive real number a. Therefore, the following
natural questions arise:

Question 1: Can we employ multistep inertial extrapolation in order to devise an algorithm for solving the MSFP?

Question 2: Is it possible to devise a new algorithm with relaxation parameters and a relaxed choice of inertial factors?

Our aim in the present paper is to answer the above questions in the affirmative. To this end, we introduce in this paper two new
algorithms for solving the MSFP (see Section 3). Our algorithms are constructed via a combination of hybrid and shrinking projection
methods which use multistep inertial extrapolation. The convergence of the sequences generated by our proposed algorithms is
established when some mild conditions on the parameters are satisfied. Some corollaries of our main theorems concerning the SFP-
MOS and the SEP are presented in Section 4. Finally, in Section 5 we present two numerical examples and compare the effectiveness
of our algorithms with that of some known methods.

2. Preliminaries

In this section, we use (-, -);; and || - ||;; to denote the inner product and the induced norm on the real Hilbert space H, respectively.
The symbols — and — stand for strong and weak convergence, respectively. We also denote by I'"! the identity mapping on H.

Let C be a nonempty, closed and convex subset of a real Hilbert space H. It is well known that for each x € H, there exists a unique
point PH(x) € C which satisfies

llx = PEGOlIsg = inf |lx - zlly. 2.1
The mapping Pg] : H — C defined by (2.1) is called the metric projection of H onto C.

2
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Recall that an operator 7 : C — C is called nonexpansive if
17 ) = T Wl < llx = ylly

for all x,y € C. The set of fixed points of an operator 7 : C — C is denoted by Fix(7), that is, Fix(T) = {x € C : T(x)=x}. It is
known that the metric projection Pg” is a nonexpansive mapping and that Fix(Pg]) =C.
The following lemmas are very useful for proving our main results.

Lemma 2.1. (see [34, Theorem 3.4])
For every x and y in H, we have y = Pg“(x) if and only if y € C and

(x—y,z—y)yy <0 VzeC.

Lemma 2.2. Let Pg“ be the metric projection of H onto C. Then the following statements hold true:

(i) (see [35, Lemma 2.1])
llx = PEGOIE + lly = PEONG < llx =yl

forallxeHand y e C.
(ii) (see [34, Proposition 4.2 and Corollary 4.10])

(x =y, (" = PHx) = " = POy > 1Y = P — Y = PO,
for dll x,y € H. It follows that I* — Pgﬂ is a nonexpansive mapping.

Lemma 2.3. (see [34, Corollary 2.42 and Lemma 2.35])
Let {x,} be a sequence in H. Then the following statements hold true:

@@ If x, = x and ||x,|lyy = llx|ly as n > oo, then x,, — x as n — oo.
(i) If %, — x as 1 — o, then [|x[ < liminf, _ o, [1%,

Lemma 2.4. (see [34, Theorem 4.17])
Let C be a nonempty, closed, convex and bounded subset of H. Let T : C — H be a nonexpansive mapping. Then the mapping I — T is
demiclosed, that is, whenever {x,} is a sequence in C for which x,, = x € C and x, — T (x,) —» y € H, it follows that x — T (x) = y.

3. Main results
From now on, we assume that conditions (A1)-(A4) are fulfilled. For each x € H, define the function f : H — R by
2
I = PO + BL, 1% = @l + | ZX, 220 -,

2
It is readily verified that f is convex and Fréchet differentiable on H, and its gradient is given by

f(x) =

N N N
F(x) =" - P + 2 Prt - Pgi’)(Pix) + Z Pfﬁj( Z L£,(Px) - y),
i=1 i=1 i=1

i=

where P} and L] denote the adjoint operators of P; and L;, respectively (see, for instance, [34, Example 2.48 and Corollary 12.30]).
Moreover, it is easy to see that the MSFP is equivalent to the following minimization problem:

nin f(x).
Consequently, a point x, solves the MSFP if and only if F(x,) = 0. This condition is equivalent to the fixed-point equation
Xy = Xy — AF(X*),

for some 4 > 0. Motivated by the iterative structure suggested by this fixed-point formulation, we now introduce the following inertial
multistep hybrid projection algorithm.
Suppose that {6, } is a real bounded sequence for each j = 1,2,3, ...,k and that a, € [a,a] € (0,2) for all n € N.

Remark 3.1. In Algorithm 1, we note that ¢, = b, — 4,F(b,) and B, = || F(b,)||*>. Hence B, = 0 if and only if F(b,) = 0. In this case, (3.3)
yields A, =0, and thus ¢, = b,. Conversely, if B, > 0, then A, >0 and F(b,) # 0, so ¢, # b,. Therefore, within Algorithm 1 the condition
¢, = b, is equivalent to F(b,) = 0, which is equivalent to b, € Q. Consequently, the condition c, = b, can be used as a termination criterion,
in which case the current iterate b, is a solution of the MSFP. The same remark applies to Algorithms 2—-6.

The strong convergence of the sequence {a,} generated by Algorithm 1 is established in the following theorem.

Theorem 3.1. Suppose that conditions (A1)-(A4) hold. For each j = 1,2, ...k, let {0£} be a bounded real sequence, and let a,, € [a, ] C
(0,2) for all n > 0. Then the sequence {a,} generated by Algorithm 1 converges strongly to a, = Pg](ao).

3
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Algorithm 1
Step 1. Choose a_;,a_;,1,a_,», ... ,ay € H arbitrarily, and set n := 0. Step 2. Given a,_;,a,_;,, ..., a,, compute

k
by =, + ) 00y ) = Qygeyj1)- (3.1
j=1

Step 3. Compute
¢, =b, — A,F(b,), (3.2)

where the parameter 4, is defined by

0, if B, =0,
A, = A 3.3
" a,==, otherwise, (3.3)
Bn
where
N W N
Ay t= 1AM = OGN + 2N = PeOPb)IG, + 11 Y L:Pib,) = v,

i=1 i=1
N W N N
B, = [|(I" = P, + ), Py U™ = Py )(Piby) + ) PPLI (Y, Ly(Piby) = W,
i i=1 i=1

i=1
Step 4. Define two closed half-spaces U, and V,, as follows:

Uy={z€H e, = zlly < llb, = 2l (3.4

V,={zeH:(z—-a,ay—a,)y <0}. (3.5)

Step 5. Compute

a1 = Py oy (@) (3.6)

Step 6. Set n < n+ 1 and go to Step 2.

Proof. We divide the proof into several steps. Claim 1. We have Q c U, nV, for all n > 0.
First, it is not difficult to see that the sets U, and V,, can equivalently be redefined as follows:

1
Uy ={z €1 : (b, = ¢, 20y < 5(UIb I = lies I3},
Vi,={z€eH: <a0 - an’z>[H] < <[10 - an’an>|H]}-

Thus, both of them are two closed half-spaces of H for each n > 0.
We now take any x € Q, that is, x € C and

N
P(x)€Q; Vi=123,.. N, Y LPx)=y
i=1

Using (3.2), we have
e, — xII = llb, —x — 4, Fb)IIZ,
= 16, — xIIZ, = 22,(F(b,), b, — x)yy + I F I (3.7)
We also note that
(F(by), b, — x)y = (I = PIY(b,), b, — x)yy
N

¢ TH; H;
+ 2PN = PyO(Pb,). by = )y

i=1

N N
+ Y APILI(Y £i(Pib,) = y). b, — XD
i .

i= i=1
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= (U = POOY(by). by = XDy
N
+ Y (UM = POYPb,), Pib, — Pixdy,

i=1

N N N
+ (2 L;(P;b,) -y, Z L;(Pb,) - Z Ly(Pix))y

i=1 i=1 i=1

=(U" = P, — UM = PIY(x), b, — x)y

+ DUUM = PyD(Pib,) = (I = Py)(P), Pib, = Py,

N
+1 ) L£,Pib,) = I3, (3.8)

i=1
Using Lemma 2.2 (ii) and (3.8), we find that
(F(b,). b, — x)y = 1T = PYb,) — IY - PHY0IIZ

. H; H:
+ 2 UM = Py(@ib,) — (U™ = PPN,

N
+11 Y £i(Pb,) = ylI3,

i=1

N
=™ = PGB + D ™ - PS{')(P;bn)Ilﬁﬂl

i=1

N
+11 Y, £(Pib,) = I3,
i=1
=A, (3.9)
We also observe that
B, = |[Fb,)II3 (3.10)
Thus, using (3.7), (3.9) and (3.10), we obtain

lle, = xII < IIb, — xII% — 24,4, + 42B,. (3.11)
It follows from (3.3) and (3.11) that
15, — xI1% if A, =0,
=l < 15, —xllﬁﬂ—an(z—an)%f, if A, =a % (3.12)
Since 0 < a < @ <2, in both cases we have

lle, —XII2 < llb, = xIIf;  ¥n 0. (3.13)

Hence, using (3.4) and (3.13), we find that x € U, for all n > 0, that is, Q c U, for all n > 0.
Next, with n =0, it is clear that Q c ¥, = H. Suppose that Q c V, for some n > 0. Using Lemma 2.1 and the fact that q,, | =
PE‘H v, (a0), we have
(@g = ap1:2 =@y )y <0 VzEU, NV,
Thus, it follows from x € Q c U, n V,, that

(a9 = ayp1- X = a,q ) < 0.

This implies that x € V,, ;. Employing mathematical induction, we now conclude that x € ¥, for all n > 0, that is, @ c V, for all n > 0.
Therefore, we find that Q c U, n V, for all n > 0, as claimed. In addition, this also shows that the sequence {a,} is well defined.
Claim 2. The sequence {a,} is bounded.
It follows from Lemma 2.1 and (3.5) that a, = Pﬁi (ap). Since a, = Pg(ao) € Q c V,, we see that

lla, = agllyy < lla, —aglly  Vn =0, (3.14)

which implies that the sequence {q,} is bounded. Hence, the sequences {b,} and {c,} are also bounded thanks to (3.1) and (3.13).
Claim 3. The following limits exist:

lim [la,,, — a,lly = 0. (3.15)
n—0oo
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lim [|a,. —b,lly =0, (3.16)
n—00
(3.17)

lim ”bn - cn”[Hl =0.
n—00
From (3.6), we observe that a,,, € U, NV, C V,. Applying Lemma 2.2 (i) with x = ay, C = V,, y = a,,,1, and P¥(x) = P! (a,) = a,,
we obtain

2 2 2
||an+l - an”[H] < |Ian+l - aOHH - ”an - aO”[mv (318)

which implies that the sequence {||a, — ay|y;} is increasing for all n > 0. Combining this fact with Claim 2, we see that there exists
the finite limit

lim [|a, — dolly-
n—oo

Thus, we have verified the limit (3.15), as claimed, thanks to (3.18). Besides, we observe that

k

et = ballis = llae = @, + Y 65@0trj = @) Iy
j=1

k
= |l(@p4y —a,) — Z 0yt = Gpperjm1) Iy
i1

k

< W@t = allys + 2100118,k = Gpper ot -
j=1

Using (3.15) and the boundedness of the real number sequences {0{; }, we obtain the existence of the limit (3.16), as asserted.
Furthermore, since a,,; € U,, we have
llans1 = cullyg < llapgr = bylly-

Combining this with (3.16), we find that |la,,; — ¢,ll;; — 0. Using the estimate
16, = cullig < Nlapyr = byllyg + llagy — ¢l

we obtain the limit (3.17), as claimed.

Claim 4. The sequence {q,} converges strongly to a, € Q.
We consider the following two cases:
Case 1. 4, =0.
In this case, it follows from (3.10) that

B, = |F(b,)II% =0.

This implies that F(b,) = 0. Using (3.9), we find that A, = 0.
Case 2. A, = an#.

n
Using (3.12), for any x € Q, we have
AZ
a,(2 - %)B—" < 1k, = xIIfy = lle, = I3,
n
<M (lb, = xllyg = lle, = xlle)

< Ml(“bn - Cn”[H])v

where M| = sup,{||b, — x|l + llc, — x|l }. Since 0 < @ < a, <@ <2 and ||b, — c,lly — 0, we infer that

A
n (3.19)

— = 0.
n

By using the Cauchy-Schwarz inequality, we obtain
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N N N
¢ H; 5
B, = (1" = PEYb,) + Y PrU™ = PP + DL PPL] (Y LiPiby) = W,
i=1 i=1 i=1

N
< <||(IH = PGl + 11 3, P = PoHPiby)l

i=1

N N 2
+HI Y Prer(Y, £iPib,) —y)||H>

i=1 i=1

N
< 3<||<1“ = PO + 11 Y, P — PP,
i=1

(3.20)
N N
+1 Y PrLy (Y LiPb,) — y>||%;.>
i=1 i=1
N 2
. ) H
< 3(||(IM = POB)IIE + < P ™ — PQ;xP,-bn)llH,)
i=1
N N 2
+ (Z I1P; LIl D £iPiby) — v ) )
i=1 i=1 M
< A 2 2 P 2 =
_3max{1,NlI£_2)IcV 1P, N 122\[ 12,7 }An M,A,,
where M, = 3max {1, N max, <y |P,]*>, N2 max, <y |1£;P;[*} > 0. It now follows from (3.19) and (3.20) that 4, — 0.
Therefore, in both cases, we have A, — 0, which leads to
¥ = PGB — 0, (3.21)
et — PS’)(P,.b,,)ngﬂi -0 Vi=1,23,...,N, (3.22)
N
Il Y £i(Pb,) = I3, = 0. (3.23)

i=1
Next, since {a,} is a bounded sequence, there exists a subsequence {a,,} of {a,} which converges weakly to some x, € H, that is,
a, = X,
Let {b,, } be any such weakly convergent subsequence. Using (3.15) and (3.16), we find that ||a, — b,|| — 0. Thus, we conclude that
by, = X,
In view of Lemma 2.4 and (3.21), we infer that x,, € C. In addition, since P; and £; are bounded linear operators, we find that
Pib,, = Pixyn  Li(Piby) = Li(P;x,)

forall i =1,2,..., N. Thus, using (3.22) and Lemma 2.4, we infer that P;x, € Q; for each i =1,2,..., N. And, from (3.23) it follows
that Zfil L;(P;x,) = y. Thus, we find that x, € Q.
Finally, since a, = Pg](ao) and x, € Q, using (3.14) and Lemma 2.3 (i), we have

lla, = agllys < llx,. — agllyy < liminf |la,, — aqly
k—oo
<limsup lla,, — aplly < lla, — aplly-
k—oo
Using the uniqueness of the nearest point a,, we find that a, = x,. Moreover, we also have

lla,, = aolly = lla. = aollu-

In view of Lemma 2.3 (ii), we obtain a, - a,. Using again the uniqueness of a,, we conclude that a, — a, as n — co.
This completes the proof. O

We now propose a modification of Algorithm 1 by combining it with the shrinking projection method. Our second algorithm is
formulated as follows:

Theorem 3.2. Suppose that conditions (A1)-(A4) hold. For each j = 1,2, ...k, let {Hﬁ} be a bounded real sequence, and let a,, € [a, ] C
(0,2) for all n > 0. Then the sequence {a,} defined by Algorithm 2 converges strongly to a, = PS[;” (ap).

7
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Algorithm 2

Step 1. Choose a_;,a_;,1,a_;,»,...,ay € H arbitrarily, W_; = H and set n = 0.
Step 2. Given a,_y,a,_i41, ... ,4a,, compute b, as in (3.1).

Step 3. Compute ¢, and 4, as in (3.2) and (3.3).

Step 4. Define a subset W, as follows:

W,={zeW,_; : e, — zlly < lIb, — zlly}-

Step 5. Compute a,,; = P}y (ap).
Step 6. Set n < n+ 1, and go to Step 2.

Proof. We divide the proof into several steps. Claim 1. We have Q c W, for all n > 0.

It is not difficult to see that W, is a closed and convex subset of H for all » > 0. Employing an argument similar to the one used
in the proof of Claim 1 of the proof of Theorem 3.1, and using mathematical induction, we also conclude that Q c W, for all n > 0.
Hence, the sequence {q,} is well defined.

Claim 2. The sequence {a,} converges strongly to an element x, € H.

For each x € Q ¢ W,,, it follows from a,, | = Pl[f[';n(ao) that

[lansr = aplly < llx — aglly. (3.24)

which implies that the sequence {a,} is bounded.
For any m > n > 1, since a,, € W,,_, C W,_, and a, = Pl'ﬂ l(ao), in view of Lemma 2.2 (i), we find that

2 2 2
”am - an” < ”am - a()”[H] - ”an - a()”[H] -0 (3.25)

as n,m — oo. This ensures that {a,} is a Cauchy sequence. Hence, the sequence {a,} converges strongly to an element x, € H.
Claim 3. The following limits exist:

Jim [la,4; — a,lly =0, (3.26)
lim ||a,,; — bylly = O, (3.27)
n—oo
Jlim |16, = ¢4lly =0, (3.28)
lim ||a, — b, ||y = 0. (3.29)
n—00

Using (3.25), we get the limit (3.26), as claimed. Furthermore, by employing an argument similar to the one used in the proof of
Claim 3 of the proof of Theorem 3.1, we also obtain the limits (3.27) and (3.28) (because a,,; € W,). Using (3.26) and (3.27), we
also obtain the last limit (3.29), as asserted.

Claim 4. The sequence {a,} converges strongly to a, = Pg“(ao).

Since a,, — x,, we have b, — x, thanks to (3.29). Employing an argument similar to the one used in the proof Claim 4 of the proof
of Theorem 3.1, we find that x, € Q.

Finally, in (3.24), letting n — oo, we infer that ||x,, — gyl < lla, — aglly. It now follows from the properties of the metric projection
that x, = a,.

This completes the proof. O

Remark 3.2. To compute the projection in (3.6) of Algorithm 1, we can make use of the explicit formula provided in [34, Propositions 28.18
and 28.19]. In addition, we observe that both P[H] v, (ag) and PH (ao) involve projecting onto the intersection of closed half-spaces, which is
equivalent to solving a convex optimization problem over a polyhedral feasible region. Consequently, these projections can be computed in an
efficient and reliable manner using the built-in MATLAB solver quadprog.

4. Corollaries

Let H, H; (i =1,2,3,...,N), and H be real Hilbert spaces. Let C ¢ H and Q; C H; be nonempty, closed, and convex sets. For each
i=1,2,3,....,N,let P, : H—> H; and £, : H; > H be bounded linear operators.

Remark 4.1. The split feasibility problem with multiple output sets (SFP-MOS, for short) is stated as follows:

Find an element x' € C such that Pi(x"') €0, Vi=1,23,....N

We denote the solution set of the SFP-MOS by O and assume that Q # . It is not difficult to see that if we choose L; = 0 foralli = 1,2,3,...,N
and y = 0, then the MSFP becomes the SFP-MOS. Therefore, we can use Algorithms 1 and 2 to find a solution to the SFP-MOS.

8
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For each x € H, we now put

N
Flo) := "= P+ Y PRt - PS;‘)(P,.x).

i=1

The following algorithm is obtained from Algorithm 1.

Algorithm 3

Step 1. Choose a_;,a_;,|,a_j42, ..., ay € H arbitrarily, and set n := 0.
Step 2. Given a,_y,a,_i41,-..4a,, compute b, as in (3.1).

Step 3. Compute

¢, =b, — A, Fb,), 4.1

where the parameter 2,, is defined by

0, if B,=0,

=3 4 4.2

" —Z, otherwise, (4.2)
B

where

N
~ H;
Ay =T = POGIG + X I = PaOPb,)IE,

i=1

N
B, 1= 10" = BB + D PrA — Po )(Pby)l:

i=1

Step 4. Define two closed half-spaces U, and V,, as follows:

Uy =1{z€H e, = zll < lIb, = 2l
V,={z€eH:{(z—a, ay—a,)y <0}

Step 5. Compute a, = P} ., (ap).
Step 6. Set n < n+ 1 and go to Step 2.

Corollary 4.1. Foreachj=1,2,...,k, let {0£} be a bounded real sequence, and let a,, € [a. a] C (0,2) for all n > 0. Then the sequence {a,,}
generated by Algorithm 3 converges strongly to the unique solution to the equation a, = Pg(ao)-

Our next algorithm is obtained from Algorithm 2.

Algorithm 4

Step 1. Choose a_;,a_;,1,a_;,»,...,ay € H arbitrarily, W_; = H and set n = 0.
Step 2. Given a,_y.,a,_44i, ... ,4a,, compute b, as in (3.1).

Step 3. Compute ¢, and l\,, as in (4.1) and (4.2).

Step 4. Define a subset W, as follows:

W,={zeW,_ e, - zllw < lIb, - zllw}-

Step 5. Compute a,,,; = P}} (ay).
Step 6. Set n < n+ 1, and go to Step 2.

Corollary 4.2. Foreachj=1,2,... k, let {0£} be a bounded real sequence, and let a,, € [a.a] C (0,2) for all n > 0. Then the sequence {a,,}
generated by Algorithm 4 converges strongly to the unique solution to the equation a, = Pg(ao).

Remark 4.2. We now consider the case where H=H; XH, X ... XHy and C = Q; X O, X ... X Qy, while the operator P, : H - H;
is defined by

PV, xO, L x Ty = @ (4.3)
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for each x = (x(V, ..., x®, ... x(")) € H. Then the MSFP becomes the following problem:

N
Find an element x € C such that z £, =y. 4.4)

i=1

We denote the solution set of Problem (4.4) by Q and assume that & # . It is not difficult to see that if N = 2 and y = 0, then Problem
(4.4) can be reduced to the SEP, that is,

Find an element (u,v) € Q; X O, such that A(u) = B(v), (4.5)

where A = £, and B = —L,. Therefore, we can apply Algorithms 1 and 2 to solving Problem (4.4) and Problem (4.5).
We also note that in this case the metric projection can be computed as follows:

PE(x) = (P (V). PG, (xP),.... Py (<)
for all x = (x(V,x®, ..., x(M)) € H (see, for example, [34, Proposition 28.3]).

For each x = (x(V, ..., x®, ..., x(™) € H, we now put

Fi0 = 6O = P O, xD = PR GEO), N - P (),

N

N N
5(x) = (£} (DY =y, Ly D=y, Ly (D) =y,
Fy(x) = (LI, L, = p), oo, £70) £,66D) = y), o, £33, £,6690) = p))
. P .

i=1 i=1

F(x) =2F (x) + F(x).

The following algorithm is obtained from Algorithm 1.

Algorithm 5

Step 1. Choose a_;,a_;,;,a_;,»,...,ay € H arbitrarily, and set n := 0.
Step 2. Given a,_;,a,_;,1, ... ,a,, compute b, as in (3.1).
Step 3. Compute

¢, = b, — 1,F(b,), (4.6)

where the parameter /,, is defined by

0, if B, =0,
l,=4 A 4.7)
" a,—==, otherwise,
Bﬂ
where
N

A, = 2R GBI+ 1 Y, £,60) = 3113,

i=1
B, :=12F,(b,) + K,®)I%.

Step 4. Define two closed half-spaces U, and ¥, as follows:

Uy={zeH e, = zlly < lIb, = zllu},
V,={zeH:(z—a, ay—a,)y <0}
Step 5. Compute a,,, = P} , (ap).
Step 6. Set n < n+ 1 and go to Step 2.

Corollary 4.3. LetH, C, and P; (i = 1,2,3, ..., N) be as in Remark 4.2. For each j = 1,2, ...k, let {6‘{;} be a bounded real sequence, and
let a, € [a, @] C (0,2) for all n > 0. Then the sequence {a,} generated by Algorithm 5 converges strongly to the unique solution to the equation
a, = Pli(ay).

Algorithm 6, our next algorithm, is obtained from Algorithm 2.

Corollary 4.4. LetH, C, and P; (i = 1,2,3, ..., N) be as in Remark 4.2. For each j = 1,2,... ,k, let {0{;} be a bounded real sequence, and
let a, € [a, @] C (0,2) for all n > 0. Then the sequence {a,} generated by Algorithm 6 converges strongly to the unique solution to the equation
a, = Pg"(ao).

10
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Algorithm 6

Step 1. Choose a_;,a_;,1,a_;,»,...,ay € H arbitrarily, W_; = H and set n = 0.
Step 2. Given a,_y,a,_i41, ... ,4a,, compute b, as in (3.1).

Step 3. Compute ¢, and Zn as in (4.6) and (4.7).

Step 4. Define a subset W, as follows:

W,={zeW,_ e, = zlly £ l1b, — zlln}-

Step 5. Compute a,,; = P}, (ay).
Step 6. Set n < n+ 1, and go to Step 2.

5. Numerical experiments

Our algorithms are implemented in MATLAB 2014a running on the DESKTOP-8LDGINO, Intel(R) Core(TM) i5-4210U CPU @
1.70GHz with 2.40 GHz and 4GB RAM.
The first example is presented to illustrate the performance of Algorithms 1 and 2 in solving the MSFP.

Example 5.1.
We consider the MSFP under the following hypotheses:

(01) H=R", H; = R™ and H = R" are (finite-dimensional) Euclidean spaces and i = 1,2, 3. The sets C and Q; are given by
C={xeH: (ax)<b},
O, ={xeH; :lIx—all <r},
where b and the radii r; are randomly generated in the intervals [0, 10] and [m;, m; + 1], respectively; the coordinates of a and
the centers a; are randomly generated in the intervals [1,5] and [—1, 1], respectively.

(02) P; : R" - R™ and L; : R™ — R” are bounded linear operators, where the elements of the representing matrices of which are
randomly generated in the closed interval [-5, 5] for each i = 1,2, 3.

For this experiment, we take y = 0. It is easy to see that Q # ¢ because 0 € Q. We use Algorithms 1 and 2 with
k=3, m=5 m =25 my=45 m3=65 n=385,

the coordinates of the initial points a_s,a_,, a_; and g, are randomly generated in the closed interval [-5,5] and select the control
parameter a, = 1.925 for all n > 0.

We also compare our Algorithms 1 and 2 with the algorithms in [1]. The control parameters for each algorithm are chosen as
follows:

« Algorithm R1 (Algorithm 1 in [1]): xy = ay.

« Algorithm R2 (Algorithm 2 in [1]): x) = a( and h(x) = 0.9x for all x € R™.

We use the stopping condition

3 . H; 3
I = PHY@IE + T, 1% = POYPanl, + 1 Z, £,(Pra,) = I,

5

which is required to be smaller than the given tolerance TOL.
Our numerical results are presented in Tables 1 and 2.

err =

Remark 5.1. From the numerical results reported in Tables 1 and 2 for Example 5.1, it is observed that Algorithms 1 and 2 converge
significantly faster than Algorithms R1 and R2 in terms of both iteration numbers and CPU time for all tolerance levels. Moreover,
Algorithm 2 exhibits the best overall performance, achieving high accuracy with remarkably fewer iterations and lower computational
cost, while Algorithms R1 and R2 require substantially more iterations despite reaching comparable accuracy.

Next, we present an example to illustrate the applicability of the proposed methods to the SFP-MOS, which is a special case of the
MSFP. This example focuses on evaluating the performance of Algorithms 3 and 4, and the proposed algorithms are also compared
with several existing methods.

Example 5.2. We consider the SFP-MOS with the following hypotheses:
(01) i € {1,2,3} and H = H; = L?[0, 1] with the inner product
1
(x.3) = / x()y(n)dt
0

and the induced norm ||x||?> = (x, x) for all x = x(t), y = y(t) € L*[0, 1].

11
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Table 1
Table of numerical results and comparisons among algorithms.

TOL Parameters Algorithm 1 Algorithm 2 Parameters  Algorithm R1 Algorithm R2

1074 n 52 20 379 175
err 4.1240e — 05 2.6258e — 06 9.8623e — 05 7.2981e — 05
CPU-time (s) 0.1582 0.0033 0.0209 0.0091

1073 n 9", =3 65 20 p, =05 480 236
err 93 =2 8.4311e — 06 2.6258e — 06 a, = % 9.5543e — 06 7.7397e — 06
CPU-time (s) 93 =1 0.2121 0.0033 0.0243 0.0121

10-¢ n 86 29 690 312
err 3.8213e — 07 8.5703e — 07 8.4449¢ — 07 9.6769¢ — 07
CPU-time (s) 0.2585 0.0043 0.0336 0.0191

1074 n 29 21 6782 122
err 9.6596e — 05 8.3817e — 05 9.9917e — 05 9.8438e — 05
CPU-time (s) 0.1037 0.0033 0.3102 0.0066

1072 n 6", =-3 61 29 p, =125 9413 208
err 93 =-2 3.4579¢ — 06 6.9764e — 06 a, = n"% 9.9979¢ — 06 9.7605e — 06
CPU-time (s) 93 =-1 0.1800 0.0038 0.4348 0.0108

10-¢ n 69 37 12,192 309
err 6.2323e — 08 9.8712e — 07 9.9982e — 07 9.8882e — 07
CPU-time (s) 0.2342 0.0043 0.5634 0.0158

Table 2
Table of numerical results and comparisons among algorithms.

TOL Parameters  Algorithm 1 Algorithm 2~ Parameters  Algorithm R1 Algorithm R2

1074 n 27 10 7229 649
err 4.1987e — 05 4.7670e — 05 9.9963e — 05 9.9965e — 05
CPU-time (s) 0.0910 0.0031 0.3370 0.0315

10-3 n 9,11 = 711 501 11 p, =15 9888 1172
err 93 = ni 8.3640e — 06 2.7808e — 06 a, = n;—ﬁ 9.9942¢ — 06 9.9985¢ — 06
CPU-time (s) 03 = n% 1.5778 0.0033 0.4644 0.0554

10°° n 503 13 12,688 1828
err 6.0812e — 07 7.5039¢ — 07 9.9974e — 07 9.9742¢ — 07
CPU-time (s) 1.6060 0.0035 0.5829 0.0933

107* n 25 15 9331 4408
err 9.2409¢ — 05 1.0683e — 05 9.9935e — 05 9.9906e — 05
CPU-time (s) 0.0879 0.0019 0.4392 0.2081

1073 n 0," = i 39 20 p, = 1925 12,098 6428
err 93 = % 6.0109e — 06 1.2654e — 06 a, = n“% 9.9962e — 06 9.9938e — 06
CPU-time (s) 93 = —’:_—"1 0.1239 0.0034 0.5535 0.3036

10°° n 40 25 14,978 8634
err 4.1135¢ - 07 5.0170e — 07 9.9985e — 07 9.9902e - 07
CPU-time (s) 0.1146 0.0045 0.7551 0.4134

The sets C and Q; are given by

C={xeL?0,1]: {a.x) <},
0; = {x € L*[0,1] : {a;,x) < ¢},
where

12
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a=a()=1t, a;=a,()=V2+i, Viel0,1],
co L C_(i+1)\/i+l—i\/;
T3 i 3G+ 1) ’

(02) For each i € {1,2,3}, the bounded linear operator P; : L*[0, 1] — L?[0, 1] is defined by P;(x)(t) = % for all € [0, 1].
1

For this experiment, it is not difficult to see that Q + @ because x(1) =t € Q. We use Algorithms 3 and 4 with k = 3 and select the
initial points and the control parameters as follows:

a_y=a_s@t)= Vi, a,=a_=e,

a_y =a_(t) =sint, ay=ay(t)=cost, Vte][0,1],

0} =0.0003, #2=0002, 6)=-001, a,=175 VneN.

We use the stopping condition
I = P + X, 1™ = Py (Pa)l
4

which is required to be smaller than the given tolerance TOL.

We also compare our Algorithms 3 and 4 with some previous algorithms (Algorithms 5.1 and 5.2 in [36], Algorithms (1.5) and
(1.6) in [3]). The control parameters for each algorithm are chosen as follows:
o Algorithm A (Algorithm 5.1 in [36]):

err =

_ 0.01
L+ X PP
« Algorithm B (Algorithm 5.2 in [36]):
0.01 1

IR LTE
« Algorithm C (Algorithm (1.5) in [3]):
y = 0.005 _
T 3xmaxigq{lIP2)
« Algorithm D (Algorithm (1.6) in [3]):
y, = 0.005 «, = l

3 x max; ;.3 { |7 11?} n

For Algorithm B, we choose the fixed element u = In( + 1) for all ¢ € [0, 1] while we take f(x) = 0.75x for all x € L?[0, 1] in Algorithm
D.
We also use the stopping rule

3 . H;
I = PG, + Ziy I = PP ),
4
for Algorithm A, Algorithm B, Algorithm C and Algorithm D.

err =

The numerical results are presented in Table 3.
Using either one-step or two-step inertial extrapolation, or in the case where the inertial parameters diminish to zero, we obtain
the numerical results presented in Table 4.

Remark 5.2. From Table 3, it can be seen that Algorithms 3 and 4 converge faster and require less CPU time than the comparison
algorithms (A-D) for all tolerance levels, while delivering comparable or better accuracy. Besides, Algorithm 4 consistently attains
the desired accuracy with fewer iterations and lower computational time.

Table 4 further clarifies the role of inertial components in the proposed schemes. As the number of inertial components is grad-
ually reduced, the acceleration effect becomes less pronounced, suggesting that employing more inertial steps generally improves
convergence efficiency. Nevertheless, even under reduced inertial factors, our proposed algorithms remain stable and continue to
perform competitively.

We now illustrate an application of our algorithms to the signal recovery problem with multiple observations.

Example 5.3. We consider the signal recovery problem with N = 30 data observations, which can be formulated as the following
constrained optimization model:

min{%llAix—billz D x e R, x|, Sp}, i=1,2,...,30,

13
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Table 3
Table of numerical results and comparisons among algorithms.
TOL Algorithms n err CPU - time (s)
1073 Algorithm 3 7 2.592088252769408e — 04 0.0134
Algorithm 4 5 6.301511419269003¢ — 04 0.0156

Algorithm A 6193 9.993555064239153¢ — 04 0.2134
Algorithm B 2068 9.998835311812956¢ — 04 0.0766
Algorithm C 7561 9.994936108471009¢ — 04 0.1708
Algorithm D 4078 9.997368699476096¢ — 04 0.0963

10-* Algorithm 3 21 1.571470584330984¢ — 05 0.0160
Algorithm 4 7 2.082606537679928e — 05 0.0158
Algorithm A 8460 9.993534383884936¢ — 05 0.3020
Algorithm B 4007 9.999097573477408¢ — 05 0.1523
Algorithm C 10498 9.999920285254293¢ — 05 0.2399
Algorithm D 14751 9.998683764195466¢ — 05 0.3459

1073 Algorithm 3 22 6.957675846735487¢ — 06 0.0161
Algorithm 4 8 5.391978201870193¢ — 06 0.0159
Algorithm A 10837 9.993549652061280e¢ — 06 0.3841
Algorithm B 6069 9.994998608800226¢ — 06 0.2229
Algorithm C 13577 9.998215446628838¢ — 06 0.3116
Algorithm D 47031 9.999709923957786¢ — 06 1.0664

Table 4
Table of numerical results.
TOL Algorithm 3 Algorithm 4
6! =0.0003,62 =0.002,6>=0 107 =« 10 5
err 4.6245e — 04 4.6366e — 04
CPU - time (s)  0.0137 0.0149
10°%  n 11 7
err 3.7428¢ — 05  1.9065¢ — 05
CPU - time (s)  0.0142 0.0156
105 n 25 9
err 8.4936e — 06  1.3624¢ — 06
CPU - time (s)  0.0164 0.0165
60! =0.0003,02 =0,6> =0 107 n 62 5
err 8.7842¢ — 04  4.6680¢ — 04
CPU - time (s)  0.0219 0.0149
107 n 112 7
err 2.5967¢—05  1.9965¢ — 05
CPU - time (s)  0.0311 0.0153
1075 n 113 9
err 7.2034¢ —06  1.3280e — 06
CPU - time (s)  0.0312 0.0167
o)=L 2= 1 =1 0P g 14 8
n n+l’on w4l e+l
err 9.4882¢ —04  1.0450¢ — 04
CPU - time (s)  0.0145 0.0155
10 n 32 9
err 9.7116e —05  9.8050¢ — 05
CPU - time (s)  0.0175 0.0169
1075 n 43 10
err 2459 —06  3.0315¢ — 06
CPU - time (s)  0.0190 0.0171
where each perception matrix A; € R™* and its associated measurement vector b, € R” are given. Here || - | denotes the Euclidean

norm and || - ||, is the #;-norm.

For every i € {1,2,...,30}, the matrix A, is generated from a standard normal distribution. The true sparse signal a,,. € R¥ is
constructed by sampling from the uniform distribution on [—1, 1] with p randomly selected nonzero components.

In the noiseless case, the observations satisfy

b = Ajagges  i=1,2,...,30.

14
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Table 5
Table of numerical results and comparisons among algorithms.
TOL Algorithms n SNR MSE CPU - time (s)
1074 Algorithm 3 7 31.9352 5.3891e — 05 0.4455
Algorithm 4 6 30.5783 7.3655e — 05 0.3922

Algorithm R3 29 29.2635 9.9696¢ — 05 1.6169
Algorithm R4 13 29.4147 9.6286e — 05 0.7337

1073 Algorithm 3 59 39.3482 9.7771e — 06 3.6094
Algorithm 4 10 40.2468 7.9497e — 06 0.6712
Algorithm R3 94 39.3326 9.8123e — 06 5.1890
Algorithm R4 103 39.2989 9.8888e — 06 5.6549

10-° Algorithm 3 233 49.2762 9.9406e — 07 14.3054
Algorithm 4 27 60.9328 6.7882¢ — 08 2.1348
Algorithm R3 291 49.2579 9.9826e — 07 16.2949
Algorithm R4 951 49.2587 9.9806e — 07 52.3420

In connection with the SFP-MOS, this signal recovery problem can be reformulated as a feasibility problem of the form
Find x" € C such that P,x") e Q,, i=1,2...,30,
where the operators and constraint sets are defined by
Pi(x) 1= A;x, Q; :={b} CR",
and the structural sparsity requirement is represented by the convex set
Ci={xeR": x|, <p).

Besides, in order to evaluate Pg{k, we shall use Duchi et al. method in [37].
In this experiment, we use Algorithms 3 and 4 with the following parameters:

1 ) 1 5 1 1

- - . @, =19999— — . Yn>0,
Al T a3 T ey n "

0! = ,
n +2 =

5

k=1024, m=2048, p=256.

The initial points a_3, a_,, and a_, are randomly generated in R, while a, = 0. We further compare Algorithms 3 and 4 with the
algorithms reported in [3]. The experimental settings for each algorithm are specified as follows:
« Algorithm R3 (Algorithm 3 in [1]):

Xo = ag, P, = Q.
« Algorithm R4 (Algorithm 4 in [1]):
X0 =4y, Pp = %y,

and h(x) = 0.75x for all x € RX.
To evaluate the recovery accuracy, we use the mean squared error (MSE), defined as

1
MSE = E”an - atruellz,

which is required to be smaller than a given tolerance, denoted by TOL. We also evaluate the signal quality using the signal-to-noise
ratio (SNR), which compares the power of the desired signal to that of the background error. It is computed as

llagruell

llagrue — all '

SNR = 20log

The numerical results are reported in Table 5, while Fig. 1 illustrates both the original and the recovered signals obtained by the
proposed algorithms. The behavior of the SNR is depicted in Fig. 2.

Remark 5.3. Table 5 reports the signal recovery results in terms of SNR, MSE, iteration numbers, and CPU time. Overall, Algorithms 3 and
4 yield better reconstruction quality (higher SNR and lower MSE) with fewer iterations and lower computational time than R3 and R4 across
all tolerance levels. Furthermore, Algorithm 4 offers the best balance between accuracy and efficiency, particularly as the tolerance decreases,
where it achieves substantially improved SNR/MSE while maintaining low computational time.
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True Signal
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Fig. 1. Original signal and recovered signals with TOL = 107>
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Fig. 2. The behavior of SNR with TOL = 1075.
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6. Conclusions

In this paper, we study the mixed split feasibility problem in real Hilbert spaces, which simultaneously generalizes the SFP-MOS
(and, in particular, the classical SFP) and the SEP. To solve the MSFP, we developed two inertial multistep projection-type algorithms
constructed via the hybrid projection method and the shrinking projection method. Our convergence analysis shows that the sequences
generated by the proposed algorithms converge strongly under suitable assumptions on the control parameters.

A distinctive feature of our algorithms is that the inertial factors are only required to be bounded, whereas most existing inertial
schemes impose stronger conditions, such as requiring diminishing sequences or restricting the inertial parameters to prescribed
intervals like [—1, 1] or [0, a] for some positive number a. This relaxation provides greater flexibility in choosing the inertial parameters,
simplifies implementation, and enhances the practical applicability of the algorithms while still ensuring strong convergence. Several
corollaries were also derived, covering important special cases, including the SFP-MOS and the SEP.

Furthermore, we provided three numerical examples demonstrating the efficiency and applicability of the proposed algorithms.
The MSFP framework opens new directions for further research, including the development of faster inertial or adaptive methods
and additional applications in split feasibility, signal processing, image reconstruction, and related areas.
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